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Exercise 1: (congruence mod k) (2 points)
For integers a, b ∈ Z and natural numbers k ∈ N and defines a and b to be congruent mod k iff they
differ by an integer multiple of k.

a ≡ b mod k ↔ ∃z ∈ Z : a− b = z · k

Prove that congruence mod k is an equivalence relation.

Exercise 2: (decomposition lemma) (2 points)
Let a ∈ Bn. Prove that for k ∈ [0 : n− 1] the following lemma holds:

〈a[n− 1 : 0]〉 = 〈a[n− 1 : k]〉 · 2k + 〈a[k − 1 : 0]〉

Exercise 3: (induction principle) (6 points)
Prove by induction on n:

(a)
n∑

i=0
i = n · (n + 1)/2

(b)
n−1∑
i=0

qi = (qn − 1)/(q − 1)

(c)
n∑

i=0
i3 = (

n∑
i=0

i)2

Exercise 4: (addition algorithm) (4 points)
Prove that addition algorithm works for addition of n-bit numbers: For a, b ∈ Bn and c0 ∈ B show
that the outputs s ∈ Bn and cn ∈ B of the addition algorithm satisfy:

〈cn, s〉 = 〈a〉+ 〈b〉+ c0

Exercise 5: (adder construction) (4 points)
Prove that construction from Fig. 1 implements the addition algorithm.
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Figure 1: Recursive construction of a carry-chain adder
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Exercise 6: (multiplexer construction) (2 points)
Using gates presented in the lecture (¬, ∧, ∨ and ⊕) give a construction of the circuit which fulfills
the following specification:

• inputs: a, b ∈ Bn and s ∈ B
• output: c ∈ Bn, s.t.

c =

{
a s = 1

b s = 0

Exercise 7: (two’s complement numbers) (8 points)
Prove the following properties of two’s complement numbers:

(a) [0a] = 〈a〉
(b) a ∈ Bn → [an−1a] = [a]

(c) −[a] = [a] + 1

(d) [a] ≡ 〈a〉 mod 2n

Exercise 8: (arithmetic unit) (4 points)
Recall the construction of the AU (see Fig. 2) from the lecture. Derive a recipe for the negative bit
computation such that it satisfies

neg ↔ S < 0,

where S is the exact result, for

(a) two’s complement numbers (u = 0)

(b) binary numbers (u = 1)
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Figure 2: Symbol of an n arithmetic unit (AU)
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